Mathelpers
Volume: The Shell Method

Cylindrical Shell Method

If the cross sections of the solid are taken parallel to the axis of Revolution, then the cylindrical shell
method will be used to find the volume of the solid. If the cylindrical shell has radius r and height h,
then its volume would be 2rrh times its thickness. Think of the first part of this product, (2=rh),

as the area of the rectangle formed by cutting the shell perpendicular to its radius and laying it out
flat. If the axis of revolution is vertical, then the radius and height should be expressed in terms of
x. If, however, the axis of revolution is horizontal, then the radius and height should be expressed
in terms of y.

The volume (V) of a solid generated by revolving the region bounded by y = f(x) and the x-axis on

b
the interval [a,b ], where f(xX)>0, about the y-axis is V = IZiZ'Xf(X)dX

If the region bounded by x = f(y) and the y-axis on the interval [a,b ], where f(y)>0, is revolved

b
about the x-axis, then its volume (V) isV = IZﬂyf(y)dy

Note that the x and y in the integrands represent the radii of the cylindrical shells or the distance
between the cylindrical shell and the axis of revolution. The f(x) and f(y) factors represent the
heights of the cylindrical shells.

Finally, let f and g be continuous on [a, b], with a >0, and suppose that

g(x)< f(x) for a<x<b

then let R be the region between the graphs of f and g on [a, b]. The volume V of the solid

b
obtained by revolving R about the y axis is given by V = _[27[ X[ f(x)-g (X)}dX
a
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b
we willuse V = Ian[ f (x)— g (x)] dx to find the volume of a solid rather like a single-scoop ice

cream cone

ETRE let f(x)=3—x2 and g(x)=3x-1, and let R be the region between the graphs of f and
g on [0,1] Find the volume V of the solid generated by revolving R about the y axis.

since 3—x? >3x—1for 0< x <1, it follows that the height of
the solid at any x in [0,1] is (3—x?)—(3x—1).

V= l.erx[(3— xz)—(3x—1)]dx

1
= 27zj(—x3 —3x? +4x)dx = 272'(—%X4 —x3+ ZXZJ

0 0

=37” cubic units

The volumes of certain solids of revolution can be evaluated either by the washer method or by the
shell method. As you would expect, the result is the same, whichever method is used. We support
this claim with the following example.

Mathelpers.com Grade 12



file:///H:/PERSONAL%20DOCUMENTS/ONGOING%20PROJECTS/0%20FEBRUARY%202022/1.1%20Book%20Website%20Project/Set%201%20Books/Group%20A/Grade%202%20Term%201/Mathelpers.com

