Mathelpers

Demoivre’s Theorem and nth Roots

The trigonometric form is used to raise a complex number to a power. To accomplish this, consider
repeated use of the multiplication rule.

z=r(cos@+isino)

2 =r(cos@+isin@)r(cos@+isin@) =r?(cos20+isin26)

z° =r(cos@+isin@)r?(cos26 +isin20) =r’(cos36 +isin30)
2" =r"(cos40 +isin 40)

z° =r°(cos50 +isin50)

This pattern leads to a very important theorem, which is named after the French mathematician
Abraham De Moivre (1667-1754)

De Moivre's Theorem: If z =r(cos@+isin@) is a complex number and Nis a positive

integer, then:

[r (cos@ +ising) ]
r

"(cosn@ +isinng)

Compute(3+ 3i)5

Of course we could just do this by multiplying the number out, but this would be time
consuming. Instead we can convert to exponential form and then use DeMoivre’s Theorem
We need to find the trigonometric form of 3+ 3i
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tan0=§:> Argz:E
3 4

343i =3J§cis%
:>(3+3i)5

= (Sﬁcis %Js

=-972-972i
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A consequence of the Fundamental Theorem of Algebra is that a polynomial equation of degree n
has N solutions in the complex number system. So, the equation x* =1 has four solutions, and in
this particular case you can find the four solutions by factoring and using Quadratic Formula.

= (x*-1)(x*+1)=0
= (x=1)(x+1)(x—i)(x+i)=0
S x=21 and x=+i

The complex number u =a+biis an n"root of the complex number z if z=u" =(a+bi)’
To find a formula for an n" root of the complex number, let U be the n" root of Z , where:

u=s(cosS+isinf) and z=r(cos@+isinb)
By De Moivre’s theorem and the fact that u" = z, we have:
s"(cosnB+isinnB)=r(cosd+isino)

= s"cis(nB)=rcis(6)

s"=r
ju—
{nﬂ:¢9+27rk

For a positive integer n, the complex number z =r(cosé +isin &)has exactly n distinct

n" roots given by Wy, W, ..., W, ;:

These roots, for @ in radians are:

{ [mzﬂk . (0+27k
W, =~ | COS . +1SIN .

or equivalently, for @ in degrees:

" :W{COS[0+36O k}ﬂsm[m%o K

n n
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The n™ roots of z all have absolute value ¥/r and hence their geometric representations lie on a
circle of radius %/r with center at the origin. Moreover, they are equally spaced around the circle.

1) When k exceeds n-1, the roots begin to repeat. For instance, if k=n, the angle

0+r127m = % + 27 is co terminal with % which is obtained when k=0.

2) If we are looking for the n™ roots of an equation involving complex numbers, the roots will

be ﬂapart i.e.
n

» 2 roots will be 180° apart
» 3 roots will be 120° apart
» 4 roots will be 90° apart

» 5 roots will be 72° apart etc
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