Mathelpers

Solving Linear Equations

Our aim is to find the values of the n unknowns x, x,, X, ..., x, that simultaneously satisfy the
system of m linear equations

A X +apX, ..+ a, X, =b1

Ay X, +8y,X, +...+ 8y, X, =h,

2nn

A X, +a,,X +..+a,,X, =D

mn“'n m

where a, andh bi are constants. The values of x,x,,x,,...,x, that satisfy the equations are called

)

the solution. The equations are a “system” because there is more than one equation, and “linear’
because the unknowns are not multiplied together (for example, there are no x,x,or x? terms).

Gaussian elimination

To find the solution of these equations we use a method called Gaussian elimination. There are
five steps to Gaussian elimination.

Represent the equations as an augmented matrix.

Row reduces the matrix into rank or reduced rank form.

Reform the equations from the form. The new system of equations has the same solution as the
original system.

Solve by back substitution.

Check answer.

Gaussian elimination is an excellent method for solving simultaneous linear equations.

DEMPIENE Find the solution of the system of equations

x-2y=-10
3Ax+y=12

1. Create the augmented matrix.
1 -2|-10
3 1| 12
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2. Row reduces the matrix into reduced form.

Row 2 - 3 xrowl:D{

1 -2|-10
0 7| 42
—2|—10}

1 1
— xrow 2: [J
7 {0 1| 6

1 2
Row 1+2 xrow 2: [ 0l
0 1] 6

3. Reform the equations from the reduced form.
X=2

y=6

Solve by back substitution.
Because we have the matrix in reduced echelon form there is no need for back substitution; we
just read off the solution from the reformed equations. Therefore the solutionis x = 2,y = 6.

5. Check answer.
Substitute x = 2,y = 6 into (1)
2-2x6=-10

3x2+6=12

Which are both true.

Find the solution of the simultaneous equations
Xx+y=5

4x + 2y = 10

-x+5y=14

1. Create the augmented matrix.
1 1/5
4 2|10
-1 5|14

2. Row reduces the matrix into rank form.

Row 2 - 4 xrow 1:
1 1|5
Row 3 + row 1: 0 -2|-10
0 6119
1 1|5
Row 3+3 xrow 2: (1|0 -2|-10
0 0]-11
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3. Reform the equations from the echelon form.
XxX+ty=5
-2y =-10
0=-11
In this case it is clear that the 3™ equation can never be true. This means that there are no values
of X, y and z that simultaneously satisfy (3).

Linear system:

Consider the system of linear equations
QX + bllyl - k1

ayXx + b21X2 - kz

Associated augmented matrix:

{an a, kl}

a21 a22 k2

Operations that Produce Row-Equivalent Matrices:
Two rows are interchanged:

R <R,

A row is multiplied by a nonzero constant:

kKR = R,

3. A constant multiple of one

row is added to another row:
kRJ. +R =R

Solve using Augmented matrix:
Solve

X +3y=5

2x - y=3

1. Augmented system

2. Eliminate 2 in 2nd row by row operation

3. Divide row two by -7 to obtain a coefficient of 1.
4. Eliminate the 3 in first row, second position.

5. Read solution from matrix

1 35
2 -13
1 3
2R +R, —>
0 —7
1 35
R,/[-T—>R,—>
0 11

_7_

10[2
-3R, +R, - Rl—{mJ—)x:Z,y:l;(Z,l)
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Solve a system using augmented matrix methods
x+2y=4
1
X+ > y=4
Eliminate fraction in second equation.
Write system as augmented matrix.
Multiply row 1 by -2 and add to row 2
Divide row 2 by -3

Multiply row 2 by -2 and add to row 1.
X+2y=4

x+%y:4—>2x+y:8

1 244 1 24 1 24 1 0/4
— — —
2 1|8 0 -3/0 0 1/0 0 1[0

Read solution:x=4,y=0
(4,0)

Solve a system using augmented matrix methods
10x -2y=6

-5x+y= -3

1. Represent as augmented matrix.

2. Divide row 1 by 2

3. Add row 1 to row 2 and replace row 2 by sum
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4. Since O = 0O is always true, we have a dependent system. The two equations are identical and

there are an infinite number of solutions.
10 -2|6 5 -1/3 5 -13
- -
-5 11]-3 -5 1]-3 0 0/0
Solve:
SX—-2y=—7

5
=—Xx+1
y 2

Rewrite second equation :
2y =5x+2

—5x+2y=2

Since we have an impossible equation, there is no solution. The two lines are parallel and do not

intersect.
5x-2y=-7 5 =2|-7 5 2|-7
- -
—oX+2y=2 -5 2|2 0 0|5
A system of linear equations is transformed into an equivalent system if:

1) two equations are interchanged
2) an equation is multiplied by a nonzero constant
3) a constant multiple of one equation is added to another equation
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