Mathelpers

Binomial Expansion

Powers of polynomials and binomial expansion

Products of such polynomials are easy to calculate and the identities are helpful but what about
finding the product of (x+ 11)“. What to do??? Do you really have to multiply this expression

times itself 14 times?? That could take forever.
Note the following patterns:

(a+b)= 1

(a+b) = a+b

(a+ by = a’+ 2ab+ b’
(a+b)'= a®+ 3a’b+ 3ab’ + b
(a+b)'= a*+ 4a’h+ 6a’h’ + 4ab’ + b’

(a+ b)Y = a°+5a’b+10a’h? + 10a’h® + 5ab* + b°

What observations can we make in general about the expansion of (a+ b)'?

1) The expansion is a series (an adding of terms).

2) The number of terms in each expansion is one more than n.(terms=n+1)

3) The power of a starts with a" and decreases by one in each successive term ending with a°
. The power of b starts with b® and increases by one in each successive term ending with b".
The power of b is always one less than the "number" of the term. The power of a is always n
minus the power of b.
The sum of the exponents in each term adds up to n.
The coefficients of the first and last terms are each one.
The coefficients of the middle terms form an interesting (but perhaps not easily recognized)
pattern where each coefficient can be determined from the previous term. The coefficient is
the product of the previous term's coefficient and a® index, divided by the number of that
previous term.

Check it out: a* + 4a®h + 6a’b? + 4ab*+ b*

1)(4)

The second term's coefficient is determined by a*: ~—~—~~+=4

1
4)(3
The third term's coefficient is determined by 4a’b: —( )2( ) 6

(This pattern will eventually be expressed as a combination of the form C.)
(coefficient)(index of a)
number of terms

To Get Coefficient: From the Previous Term:
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8) Another famous pattern is also developed regarding the coefficients. If the coefficients are
"pulled off" of the terms and arranged, they form a triangle known as Pascal's triangle. (The use
of Pascal's triangle to determine coefficients can become tedious when the expansion is to a
large power.)

e KM N e H Rows start and end with 1, and each of the other numbers is equal to the sum of
the two numbers above it.

By pulling these observations together with some mathematical rules, a theorem is formed relating
to the expansion of binomial terms:

Binomial Theorem: (or Binomial Expansion Theorem)
n g . n on w ) n-
In the expansion of (a+ b)" , for any positive integer n:(a+ b) = § gk a" “b
k=0

n!

5
Definition 1:gLE gkinotation is just another way of writing a combination such as , C« (read "n
o
C

choose k").%ﬂoiz C=——
ko (n- k)'k!

Our pattern to obtain the coefficient using the previous term (in observation #6),
(coefficient ) (index of a)

number of terms

, actually leads to the , C k used in the binomial theorem.

n! represents the product of the first n positive integers i.e.
n'=n(n-1)(n-2)...(3)(2)(1). We say n! as 'n factorial

Here is the connection. Using our coefficient pattern in a general setting, we get:

(a+ b)":]_‘ a‘n_+_ﬂan-1_ b+ n(n_ l)an-z‘ b2+ n(n_ l)(n_ Z)an—3‘ b3+ L+ bn
1 1-2 1-2-3
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 The Binomial Theorem can also be written in its expanded form as:

(a+ b) éo_a b0+%:: gt 4+ é A" 2b2+§3:|: i +gmn 1% b4 %:;a b
- 1%}

n!

- K)IK!

Remember that %ﬂ and thatgo—— 1 and

0
ng

DENEHE Expand:
1) (x+7)
Comparing(x+7)° with (a+ b)' we conclude that a=x, b=7, n=6

ano

(@+b)'=§ & " b“p (x+7) = a gk— X KT

I
k=0 k0

ab O aBo
X+76= $670+ ;6-171_'_ $6-272+ ;6-3734_“._'_
R TR TR T s 6- :
(c+ 7Y

= X"+ (B)(7)X" + (15)(49)x" + (20)(343)x" + (15)(2401)x” + (6)(16807)x + (1)(L17649)x’
= X"+ 42x° + 735x" + 6,860x” + 36,015x" + 100,842x" + 117,649

076
X7
[%]

(x“ —2y3)5
Comparlng(x4 ~2y° ) with (a+ b)" we conclude that a=x*, b=-2y*, n=5
n m—lo

(a+ b) a an kbk ) (X 2y ) 5 %%(X“)S_ k (_ 2y3)k
gk% oékfa
Note that here it is a MUST that you use parenthesis for the first and second terms
(x*- 2y3)5
- g’f}g(x) 2y + %?;E(x) ay)+ %‘;%(x) o)+ g‘;;(x) 2y) g é(x“)l(- 2y°) '+ g’;’g(x) ¢ 2y°y
= X"+ 5x° (- 2y°)+ 10x" (4y°)+ 10x°(- 8y°)+ (B)x*(16y™)+ (- 32y*)
= x®- 10x™y® + 40x*2y°- 80x°y°® + 80x*y*?- 32y®
What if | need to find just "one" term in a binomial expansion, such as just the 5" term of

(632 -3)"?
Let's call the term we are looking for the rth term. From our observations, we know that the
coefficient of this term will be C ., the power of b will be r - 1 and the power of a will be n minus

n~r-10

the power of b. Putting this information together gives us a formula for the rth term:

The r thterm of the expansion of (a+ b)’ is:%a: éa"' - Dpr-2
Some important points to note about the r" term:
1) The top number of the binomial coefficient is n, which is the exponent on your binomial.
2) The bottom number of the binomial coefficient is r - 1, where r is the term number.
3) ais the first term of the binomial and its exponent is n - r + 1, where n is the exponent on
the binomial and r is the term number.
4) b is the second term of the binomial and its exponent is r - 1, where r is the term number.

Mathelpers.com Grade 10



file:///H:/PERSONAL%20DOCUMENTS/ONGOING%20PROJECTS/0%20FEBRUARY%202022/1.1%20Book%20Website%20Project/Set%201%20Books/Group%20A/Grade%202%20Term%201/Mathelpers.com

PR What is the coefficient of x® in the expansion of (x+ 3)'?

We are looking for the coefficient of x* which is the 6™ term=r =6
B O

So, the 6t term is xEEVR)Y =6 3 (3
SO O

8l

m (243)= 56" (243)= 13,608

Therefore, the coefficient of xis %‘;%(3)5
&

SeIERel Obtain and simplify the term in expansion of (2x2-y3)8 which contains x1°

We are looking for the coefficient of x' which is the 4" term=r =4
So, the 4t term is é izxz)s @ 1) 3 41 gziz 8 (& 1) 3)4-1

8! 2\8 3\
= m(zx )G Y)
(56)(32x°)(- ¥°)

= - 1792x"°y°
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